The Root Test

Lecture Notes

So far, we have learned how to use limgit comparison test to determine whethesexies
converges or diverges. The idea of the limit conspa test is that a series will converge as long
as its terms go to zero quickly enough.

Unfortunately, there are many series for whicis difficult to tell how quickly the terms go
to zero. For example, consider the series

Since2" > n? , we know that the terms of this series apgra@ero. However, it is not clear
whether they go to zero quickly enough for theesetd converge.

It turns out that this serigles converge. In féoen? doesn't make much difference—this
series is only slightly larger than2"
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The exponential2” is so overwhelmingly large thét n the numerator hardly makes a
difference. From the point of view of exponentiahctions, ann® isn't very different from a
constant.

In general, we say that a seri@sverges exponentially if it lies within the exponential
portion of the hierarchy. You can determine whetheseries converges exponentially by
focusing on the exponential factors, treating sendlctors as though they were constant.

EXAMPLE 1 Determine whether the senE \/ converges or diverges

SOLUTION Though theﬁ goes to inf|n|ty, it does not grow dalycenough to make much of
a difference. Only the” ar@d  will affect the corgence. Since the series

n

converges, the seri%

n=1 6" \/ﬁ

must converge as well. [ |

When you focus on the exponential terms of a setie result is usually a geometric series.
Make sure to remember the rule for convergencegefaanetric series:



CONVERGENCE TEST FOR GEOMETRIC SERIES
The geometric series
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converges ifr| < 1 , and diverges|iff > 1

EXAMPLE 2 Determine whether the following series convergdieerge:
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SOLUTION In each case, the key is to focus on the exporiefattéors. Because the other
factors grow so slowly, they will not play any rafethe convergence.

. . o 2" > /2\" . . : .
(a) Ignoring then? | this is the ser|§s: Sl Z <§> . Since feismetric series has a
n=0 n=0
common ratio of = 1 , it converges.

: o o= 5" > /5)\" . .
b) Ignoring then* +2 , this is the seri€s — = = . Since tlenmon ratio
(b) Ignoring then* + § o Z:% <3)
r = 5/3 of this geometric series is greater tHan , theeseliverges. (Indeed, the terms
of this series do not even approach zero.)

: 5 . e\
(c) Ignoring then? and then , this is the Ser;gfsn = 2(3) icvinas a common

ratio ofr = e¢/3. Sincez/3 < 1 , this series converges. [

n=0

The Root Test

Theroot test is a more sophisticated way to determine whettsarigs converges exponentially:

THE ROOT TEST

Let > a, be a series with positive terms, and let

r = lim W.

(@) Ifr <1, then the seri€s a, converges.
(b) If » > 1, then the series_a,, diverges.

(c) If » =1, then the root test is inconclusive.




The idea of taking the th root is that it picks the base of an exponential. For example,
V2" =2  and L l

For a geometric series, the valuerof will be tbemmon ratio of the series. For other series, it
represents the common ratio of the “closest” gedmseéries on the hierarchy.

EXAMPLE 3 Use the root test to determine whether the follgngerometric series converge:

CID DL SEE-A N g
f— 5n g 107 3n+2

n=0
SOLUTION
(a) We have
. o] 3" . v/ 3" 3
r = limy/— = | = =
n—oo \ Hn n—oo J'/5n 5

Since3/5 < 1, series (a) converges;

(b) Since taking they th root divides any exponentbthen th root oR?" is simplp?
Therefore,

. .]22n3n . /223/3n 25H(3) 12
n—00 Hn n—oo  J/10n (10) 10

Sincel2/10 > 1, this series diverges.

(c) The key fact here is that

lim /32 = 3

n—oo

This makes sense, singet? is an exponential withsa bf3 . Algebraically, this can be
seen as follows:

lim /3742 = lim (3"2)"" = lim 302/ — 31 — 3,

. N 471, . "'/471,
r = lim = lim =
n—00 3n+2 n—0oo (/ gn+2

Since4/3 > 1, this series diverges. [ |

Therefore,

Lol W~

The root test can be used for many series that@rgeometric. For such series, it necessary to
evaluate limits ofn. th roots of more complicated rgsions. The following rules are often
helpful:



RULES FOR NON-EXPONENTIALS

1. lim \/E = 1, for any positive constant

n—oo

2. lim \/nP = 1, for any positive exponept

n—oo

3. lim+/Inn =1.

n—oo

4. lim V/n! = .

n—oo

5. Iim\’/E: 0.

n—oo

EXAMPLE 4 Use the root test to determine whether the follgwéaries converge:

@Y Y-l gy
o3 24 31(n' +2) 2 9
SOLUTION
(a) We have
N3 n/fon 3
r o lim 2 V2V W) 2

n—o0 3n n—o0 W (3) 3

Since2/3 < 1, this series converges by the root test.

(b) We have
r = lim i — = |im o = (5) = §
N—00 3ﬂ(n + 2) n—0o00 17’/371 "/nél + 2 (3)(1) 3

Since5/3 > 1, this series diverges by the root test.

(d) We have
. B . / 5" (5)
= lim =
nee /oyl (2)(00)

Since( < 1, this series converges by the root testte Nwat then! was the only factor of
this series that made any difference. Becatlse so imuch larger than any exponential, it
completely overwhelms the other factors. |

r = lim = 0.

n—oo \ 27n!




At this point, you may be puzzled by some of owseasons regarding limits of th roots. For
example, we have stated that

lim /nr = 1

n—oo

for any positive exponent . Why would this be thse?
The way to understand these limits is to thinkulibe asymptotic hierarchy:

Inn < - <« Vn<ngn < - 2P LKL < <l €

polynomials exponentials

Then th root of an exponential is just the baséneféxponential:

< (10D)" <« 1) x 2" x T A K

! ! ! ! !
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Therefore, if a function is smaller than every axgatial (like a power of ), then the limit of its
nth root must ba :

g n €« g € (101) € (1) € 2" €3 LA L
| | | ! | | | |
1 1 | 1.01 1.1 2 3 4

Using the same reasoning, if a function is bighantevery exponential, then the limit ofits th
root must be infinite:

. << 277, << 377, << 477, << 577, << . << n! << nn

! ! ! ! ! !
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In summary, taking the limit of the th root has tbhkowing effect:
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Knowing this information makes it very easy to gpiple root test to most series. Indeed, taking
then th root can usually be performed in one stéq. example, the series

X 5"n?Inn
2n3n+1
1

converges, since



For some series, though, the limit plays a moreontamt role:

EXAMPLE 5 Use the root test to determine whether the follgwéaries converge:

n

@ > (5+;) © bt © X

n=0

SOLUTION
(a) We have

= lim ¢ 1+1n—lim1+1—1
"= n—00 5 n N n—oo H n N 5
Sincel/5 < 1, this series converges.
(b) We have
H n _ n H —1 0
r = lim y/(tanin)" = limtan " n = —.
n—00 n—00 2

Sincer/2 > 1, this series diverges.

(c) We have
n /o
lim {/ — = lim Y= = lm — = 0.
n—o0 2(n?) n—oo (/9 (n?) n—oo 2N
Since0 < 1, this series converges. [ |
By the way, it's important to remember that thet test is inconclusive when=1 . Indeed, all

of the following series have= 1
) ED Dl DL I Si1

n=1 n=1 n=1 n=1

The first series converges, while the remainingéhall diverge. The only thing these series
have in common is that none of them are exponerdiadl are therefore not susceptible to
analysis by the root test.



EXERCISES

1-22 = Use the root test to determine whether the giverse

converges or diverges.
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For which of the following series is the rootttes
inconclusive (that is, it fails to give a definaaswer)?
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