TAYLOR and MACLAURIN SERIES
Elizabeth Wood

TAYLOR SERIES

Recall our discussion of the power series, the power series will converge absolutely for every
value of x in the interval of convergence. Also the sum of a power series is a continuous function
with derivatives of all orders within this interval. So the question is this: If a function f (x) has
derivatives of all orders on an interval I, can it be expressed as a power series on 1? Furthermore,
what would be the coefficients of this series? Let us see if we can determine the coefficients.

Let  (x) =ia,¢ (x-a )" =a, +a,(x—a)+-+a, (x-a)" +
20
and let this power series have a positive radius of convergence. Now do repeated term-by-term
differentiation within the interval of convergence I.
f'(x)=ai;+2a,(x-a)+3as(x-a)+...+nap(x-a)" t+...
f"=2a,+ (2)()as(x-a)+ B)@d)asx-a)+...+n(n-Lanx-a)"?+...
f"=(2)R)as+ (2(B)@asx-a)+...+n(n-1)(n-2an(x-a)" > +...
f"=nla, + asum of terms with (x - a) as a factor.
All of these equations hold for x = a, therefore, f' (a) =a 1, " (a) = (1)(2)a,, ™ (a) = (1)(2)(3)a

3, ..., £ (a) = n'a .. Do you notice a pattern? If there is a power series for f (x) that converges on
I, then the coefficients are of the form

)

zl

I

and

F@ gyt 1@
21 #l

(x—g:]” R

Jx)=Jla)+jfilalx-a)+

The above series is called the Taylor series generated by f at x = a. If x = 0, then the series looks
like this:

Jy=JF0+ 1 0xe

! #l
and this is called the Maclaurin series generated by f at x = 0.
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EXAMPLE 1:

SOLUTION:

EXAMPLE 2:

SOLUTION:

EXAMPLE 3:

SOLUTION:

Find the Taylor series about x = -1 for f (x) = 1/x. Express your
answer in sigma notation.

f(x)=x"* f(-1)=-1
f'=-x? f'(-1)=-1
fr=2x"° f'(-1)=-2
f=-6x"* f"(-1)=-6
= 24x7° £ (-1) = -24

Fix) = —1—1(x+1)—%(x+1) : —%(JHD ’ —%(xﬂ) fo

- i—l{xﬂ} "

®=

Find the Maclaurin series for f (x) = sin 7 x. EXpress your answer in

sigma notation.

f (X) =sin Tt x f(0)=0
f'X)=mncosnx f'0)=m=n
fr=-n?sintx f"(0)=0
f"=-n%costx f"(0)=-n°
f=gsintx f"™(0)=0
f°=n’cosntx f>0)=n"

ng ﬂ'} 3 I:I 4 ﬂij 5

=0+ rx+ IR DL ST . D
Jix) T TR
o —T ® I+l dm o+l
=;rx—;x3+'_x5____=z( IR s
6 120 by [2x+1]I

Find the Maclaurin series for f (X) = x e *. Express your answer in
sigma notation.

f(x)=xe” f(0)=0
f'0)=1+0=1
f'"0)=1+1+0=2
f"0)=1+1+1+0=3

f'=e*+xe”
f'=e*+e +xe”

f|||=eX+eX+eX+XeX
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f"":ex+ex+ex+ex+xex f""(o):1+l+l+1+0:4

Fix) = D+1x+£x

The degrees of the x terms starts at one, whereas the denominator
starts at O!.

TAYLOR POLYNOMIALS

What is the difference between a Taylor series and a Taylor polynomial? The Taylor series is an
infinite series, whereas a Taylor polynomial is a polynomial of degree n and has a finite number
of terms. The form of a Taylor polynomial of degree n for a function f (x) at x = a is

f“(ﬂ)(x_ﬂ)ﬂ +___+fx{ﬂ:| (x_a:l:!

21 a2l

Fx=fla)+flajix—a)+

EXAMPLE 4:  Find the third Taylor polynomial for f (x) = tan "*x at x = 1.

SOLUTION: The third Taylor polynomial is when n = 3, so first I will find the
first three derivatives of f (x) and evaluate them at x = 1.

f(x) =tan "'x fﬂ:':f

I 1 1 =l

I FRURE

Fl==2x(l+ xR w21
JH 2 3

o _2 ij 1 =—E E:l

I —(ng)ﬂﬂ”gf J D 4+ 5

1 1
a1
B, (%) =Z+5tx—u—%(x—n 2 +%(x—1:|3

1 1 1
=+ (x-D-—(x-D*+—(z-D"
4 4 12
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EXAMPLE 5: Find the fourth Maclaurin polynomial for f (x) = sin 2x.
SOLUTION: f (X) =sin 2x f(0)=0

f'=2cos 2x f'(0)=2

f" =-4sin 2x f"0)=0

f™ =-8cos 2x f™(0)=-8

f"" = 16sin 2x f™0)=0

E(x)= U+2x—%x2 —%x3+%x4 =2x—%x3
EXAMPLE 6: Find the fourth Taylor polynomial for f (x) = In x at x = 1.
SOLUTION: f(x) =Inx f(1)=0

fr=x! f'(1)=1

fr=-x? fr@1)=-1

fr=2x"3 f"(@1)=2

f=-6x"* f™(@1)=-6

A@=0+ (DD + S D - 2D

1 1 1
=(x-1 —Elix—l)g +§(x—1]'3 —Z(x—lf

EXAMPLE 7 Find the Taylor series for f (x) =3x > -x*+2x*+x?-2atx = -1.
SOLUTION: f(x)=3x°-x*+2x%+x%-2 f(-1)=-3-1-2+1-2=-7

f'(x) = 15x * - 4x° + 6x % + 2x
f"(x) = 60x °- 12x% + 12x + 2

f'(-1)=15+4+6-2=23
f'(-1)=-60-12-12 + 2 = -82

f(x) = 180x 2 - 24x + 12 f"(-1) = 180 + 24 + 12 = 216

f"(x) = 360x - 24 f"(-1) = -360 - 24 = -384

f"(x) = 360
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216

fﬁﬂ=—?+2ﬂx+ﬂ—%%x+nj+ji{x+ﬂ3
—%?{x+ﬂ4+%?{x+ﬁj=—?+2Hx+D—4Hx+D2

+ 36+ D 16z + DY + 32+ D7

Now that | have introduced the topic of power, Taylor, and Maclaurin series, we will now be
ready to determine Taylor or Maclaurin series for specific functions. In the next set of
supplemental notes, we will discuss how to use these series to help us determine the value of a

non-elementary integrals and limits of indeterminate forms.
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